Abstract. We introduce strong left ideals of skew braces and prove that they produce non-trivial decomposition of set-theoretic solutions of the YangBaxter equation. We study factorization of skew left braces through strong left ideals and we prove analogs of Itô's theorem in the context of skew left braces. As a corollary, we obtain applications to the retractability problem of involutive non-degenerate solutions of the Yang-Baxter equation. Finally, we classify skew braces that contain no non-trivial proper ideals.
Introduction
An important family of finite set-theoretic solutions of the Yang-Baxter equation is that of involutive non-degenerate multipermutation solutions. Such solutions first appeared in the work [13] of Etingof, Schedler, and Soloviev as generalizations of Lyubachenko's permutation solutions. Now, these solutions appear in many different contexts: it is known, for example, that a finite involutive non-degenerate solution is multipermutation if and only if its structure group is left orderable [4, 12, 19] . The structure group of a finite solution has a particularly important finite quotient known as the permutation group of the solution. It is natural to ask which grouptheoretical properties of permutation groups detect multipermutation solutions. There are strong results in this directions [7, 14, 15, 22, 23, 25] . However, to understand multipermutation solutions it is not enough to know the group structure of their permutation groups. One really needs to understand deeply the permutation group of a solution, meaning that one needs to understand this as a brace. Braces (and more generally skew braces) are generalizations of radical rings that turn out to provide the right algebraic framework to study set-theoretic solutions of the Yang-Baxter equation [16, 23] . Skew braces are intensively studied, as they are known to have connections to several different topics [2, 8, 11, 24, 26] . The structure group and the permutation group of a solution are examples of skew braces. So these groups are not merely groups: there is some deep ring-theoretic information hidden behind these groups associated with set-theoretic solutions.
In this work, we study involutive non-degenerate (multipermutation) solutions by means of the skew brace structure of their permutation groups and via factorizations of this skew brace. Our first main result is a sort of analog of Itô's celebrated theorem on metabelian groups, but now in the context of skew braces. As an application, we understand better involutive non-degenerate (multipermutation) solutions. We also show that in some sense our Itô's theorem cannot be improved naively, meaning that we cannot expect a result similar to that of Kegel-Wielandt on products of nilpotent groups being solvable. It is interesting to remark that recently Sysak asked about extending the results of factorization of groups to skew braces. We know precisely which is the setting in which the results of factorization can be studied in the skew brace situation. This is why we introduce strong left ideals. We show that these strong left ideals are related to non-trivial decomposability of solutions. Decomposable solutions also were introduced by Etingof, Schedler, and Soloviev in [13] , the same paper where multipermutation solutions were first considered. With concrete examples, we show that our method for studying multipermutation solutions gives deeper insights. Indeed, there are solutions where group theory is not enough to detect multipermutability and where this property can be easily recognized by means of the brace factorization.
As another application of skew brace factorization we obtain several results on the structure of skew left braces. In the final main result we consider characteristic ideals of skew left braces and we characterise skew left braces that are characteristically simple. They turn out to be factorizable into copies of a simple skew left subbrace.
The paper is organized as follows. In Section 1 we review some basics on skew left braces and we introduce strong left ideals. In Proposition 1.5 we show that strong left ideals yield non-trivial decomposable solutions of the Yang-Baxter equation. In Section 2 we introduce factorizations of skew left braces and prove our main results in Theorems 2.5 and 2.9. These results can be seen as analogs of wellknown theorems of Itô. In Corollary 2.12 we apply these results to set-theoretic involutive non-degenerate solutions of the Yang-Baxter equation. In Section 3 we introduce characteristic ideals of skew braces and we classify finite skew left braces that do not contain non-trivial characteristic ideals.
Skew braces and strong left ideals
A skew left brace is a triple (A, +, •), where (A, +) and (A, •) are groups and, for all a, b, c ∈ A, the following compatibility condition holds
The group (A, +) is called the additive group of A and (A, •) is called the multiplicative group of A. For a ∈ A we denote by a the inverse of a with respect to the circle operation •. By convention, left braces will be those skew left braces with abelian additive group. A skew left brace A is said to be trivial if both operations + and • coincide, i.e., if a + b = a • b for all a, b ∈ A. If A is a skew left brace, then the map λ : (A, •) → Aut(A, +), a → λ a , where λ a (b) = −a + a • b, is a group homomorphism. It follows that
For elements a and b of a skew left brace A we put
The operation * measures the "difference" between the additive and multiplicative operations. In particular, if for all a, b ∈ A we have a * b = 0, then both operations are the same, i.e., the skew left brace simply reduces to a group; and thus for braces this is an abelian group. Lemma 1.1. Let A be a skew left brace. For any x, y, z ∈ A the following statements hold:
Proof. As λ x : (A, +) → (A, +) is a group homomorphism, it follows that
Since λ : (A, •) → Aut(A, +) is a group homomorphism,
Note that if we replace both + and • by a single operation, and * by the ordinary commutator corresponding to this new operation, then in the previous lemma we obtain well-known commutator formulas from group theory. Thus, intuitively, one can understand this operation as an analog of the group-theoretical commutator. In this spirit, a trivial skew left brace corresponds with an "abelian structure". As we will show later, this inspires a counterpart to the Itô theorem on metabelian groups in the context of skew left braces. However, this analogy fails for other properties defined by commutators (e.g., nilpotency, solvablility, . . . ). Remark 1.2. Using the formulas of (1.1) we obtain that
A left ideal of a skew left brace A is a subgroup I of (A, +) such that λ a (I) ⊆ I for all a ∈ A, which is equivalent to a * b ∈ I for all a ∈ A and b ∈ I. It follows that a left ideal is a skew left subbrace and, in particular, (I, •) is a subgroup of (A, •). Moreover, if (I, •) is normal in (A, •) and (I, +) is normal in (A, +) then one says that I is an ideal of A. It is known that ideals of skew braces correspond bijectively to kernels of skew brace homomorphisms. The socle Soc(A) of a skew left brace A is defined as
and it is an ideal of A. Braces were introduced by Rump in [23] as an algebraic tool to study involutive non-degenerate set-theoretic solutions of the Yang-Baxter equation. A set-theoretic solution of the Yang-Baxter equation is a pair (X, r), where X is a set and r : X × X → X × X is a bijective map such that
If we write r(x, y) = (σ x (y), τ y (x)), then (X, r) is said to be non-degenerate if all maps σ x , τ x : X → X are bijective.
A set-theoretic solution (X, r) is called decomposable if there exists a non-trivial partition X = Y ∪Z such that (Y, r| Y ×Y ) and (Z, r| Z×Z ) are set-theoretic solutions and
Skew left braces produce non-degenerate solutions of the Yang-Baxter equation: if A is a skew left brace, then the pair (A, r A ), where
is a non-degenerate solution of the Yang-Baxter equation. Moreover, (A, r A ) is involutive (i.e., r 2 A = id) if and only if the group (A, +) is abelian. The set-theoretic solution (A, r A ) associated to a non-zero skew left brace A is always decomposable as A = {0} ∪ A \ {0}. We show that strong left ideals of A provide more decompositions of (A, r A ). Proof. Let I be a proper strong left ideal. As I is a left ideal, it holds, for any
As I is normal in (A, +) this is equal to (x + b) • x for some b ∈ I. As I is a left ideal, there exists c ∈ I such that the previous is equal to
Hence ρ x (I) = I. By [2, Lemma 2.4], ρ x (A \ I) = A \ I and hence the claim follows.
Skew left braces admitting a factorization
In this section we study skew left braces A such that A = B + C for left ideals B and C. Observe that in this case it follows from (1.1) that
Definition 2.1. Let A be a skew left brace and let B and C be left ideals of A. We say that A admits a factorization through B and C if A = B + C.
We will study the case where B and C are trivial skew left braces. For that purpose, we shall need the following lemma.
Lemma 2.2. Let A be a skew left brace such that A = B + C, where B and C are left ideals. If B and C are trivial as skew left braces then, for any b, β ∈ B and c, γ ∈ C and a ∈ A, the following statements hold:
Proof. To prove (1) put c 1 = λ β (c) ∈ C and b 1 = λ γ (b) ∈ B. Then, as B and C are trivial skew left braces,
Hence,
Let us prove (2) . As B is a trivial skew left brace, it follows from (1.1) that
Part (3) follows from the following computation
If X and Y are non-empty subsets of a skew left brace A, we define X * Y as the additive subgroup of A generated by all elements of the form x * y, where x ∈ X and y ∈ Y . One defines A left ideal I of a skew left brace A is said to be meta-trivial if I is meta-trivial as a skew left brace. Lemma 2.4. Let A be a skew left brace such that A = B + C is a factorization through left ideals B and C. If B and C are trivial skew left braces, then:
(1) B * C and C * B are strong left ideals of A, (2) B * C and C * B are trivial skew left braces, and
Proof. Since C is a left ideal, it follows that B * C ⊆ C. Let b, β ∈ B and c, γ ∈ C. As C is trivial, it follows that
Hence B * C is a left ideal and trivial as a skew left brace. Let a ∈ A, b ∈ B and c ∈ C. Write a = b 1 + c 1 , with b 1 ∈ B and c 1 ∈ C. Then, by Lemma 1.1,
(2.1) Now, as B + C = C + B, it follows that for any β ∈ B and γ ∈ C, there exist β 1 ∈ B and γ 1 ∈ C such that β + γ = γ 1 + β 1 . Hence, for any b ∈ B it holds, by Lemma 1.1, that
as B is trivial. Applying this on (2.1) it follows that B * C is a normal subgroup of (A, +). This proves (1) and (2) for B * C. The proof for C * B is similar. Now we show that A (2) ⊆ C * B + B * C. Let b, b 1 ∈ B and c, c 1 ∈ C. Then, by Lemma 1.1,
Clearly C * B + B * C ⊆ A (2) and thus
The possible approach to skew left brace factorization is through strong left ideals. In this setting we prove an analog of Itô's theorem [18] for skew left braces. It rests to show that A (2) acts trivially on A. We first show that B * C acts trivially on A. For that purpose, let b ∈ B, c ∈ C and a ∈ A. Write a = β + γ, where β ∈ B and γ ∈ C. Then, again by Lemma 1.1,
as C is a trivial skew left brace. By Lemma 2.2(3),
Since (B, +) is a normal subgroup of (A, +),
and therefore (b * c) * β = 0. Thus B * C acts trivially on A. As (C, +) also is a normal subgroup of (A, +), it follows by symmetry that C * B acts trivially on A. Hence A (2) acts trivially on A.
Corollary 2.6. Let A be a skew left brace. Assume that A = B + C, where B and C are (not necessarily strong) left ideals, which are trivial as skew left braces. Then A has a meta-trivial ideal I such that A/I is a trivial skew left brace.
Proof. By Lemma 2.4, the ideal A (2) has a factorization through the strong left ideals B * C and C * B, which are trivial skew left braces. Hence, by Theorem 2.5, A (2) is meta-trivial. Thus the claim follows. Example 2.7. The skew left brace S(36, 271) has additive group isomorphic to C 3 × A 4 and multiplicative group isomorphic to C 6 × S 3 and can be factorized in left ideals X and Y , which are trivial as skew left braces, where |X| = 4 and |Y | = 9. In this example, X is a strong left ideal, but Y is not. This skew left brace is not meta-trivial or left nilpotent. However, it is right nilpotent of class four.
The condition in the statement of Theorem 2.5 that both left ideals have to be normal in (A, +) cannot be replaced by normality in (A, •):
Example 2.8. The group (G, +) = S 4 can be exactly factorized by the subgroups X = (243) and Y = (34), (13)(24), (14) Theorem 2.9. Let A be a non-zero skew left brace that has a factorization A = B + C through left ideals B and C, where both are trivial as skew left braces. If B is a strong left ideal of A, then B or C contains a non-zero ideal I of A that acts trivially on A.
Proof. By Lemma 2.4, it holds that B * C and C * B are trivial skew left braces, strong left ideals of A and A (2) = B * C + C * B. Using the same calculation as in Theorem 2.5, it follows that B * C acts trivially on A. We show that (B * C, •) is a normal subgroup of (A, •). Let b, β ∈ B and c, γ ∈ C. By Lemma 2.2, it holds that
As B * C is a strong left ideal, it is sufficient to show that B * C is closed under conjugation of (C, •). Let b ∈ B and c, γ ∈ C. Then, as C is a trivial skew left brace, it follows that γ • b * c • γ = γ + b * c − γ. As (B * C, +) is normal in (A, +), this shows that B * C is an ideal of A. If this is non-zero, then the theorem follows. If B * C = 0, then A (2) = C * B. This shows that in this case C * B is an ideal. If this is also zero, then A (2) = 0 and hence A is a trivial skew brace, B and C are ideals of A.
The conditions in the statement of Theorem 2.9 cannot be relaxed: Our results on factorizations of skew left braces have applications to involutive non-degenerate solutions of the Yang-Baxter equation. Let (X, r) be an involutive non-degenerate solution and write r(x, y) = (σ x (y), τ y (x)). On X one considers the equivalence relation given by
Then ∼ induces an involutive non-degenerate solution on the set of equivalence classes of X known as the retraction Ret(X, r) of (X, r), see [13] . One defines inductively:
Ret 0 (X, r) = (X, r),
Ret n (X, r) = Ret(Ret n−1 (X, r)), n 2.
A solution (X, r) is said to be multipermutation of level m if Ret m (X, r) has size one and Ret m−1 (X, r) has more than one element. Multipermutation solutions can be characterized in terms of left orderability of the structure group G(X, r) of (X, r), see [4, 12, 19] . This group is defined as the group generated by the elements of X with relations
The group G(X, r) is a left brace with • as the multiplicative operation and the quotient left brace G(X, r) = G(X, r)/ Soc(G(X, r)) has multiplicative group isomorphic to the subgroup of Sym(X) generated by all λ x for x ∈ X, for details see [5, 8] .
It is known This shows that properties of the involutive non-degenerate set-theoretic solution (X, r) are not completely determined by the group theory of the additive and multiplicative groups of the left brace G(X, r). The following examples clarify this. Example 2.13. Let X = {1, 2, 3, 4} and r(x, y) = (σ x (y), τ y (x)) be the irretractable involutive non-degenerate solution given by
The associated left brace G(X, r) is B (8, 27) and has additive group C 3 2 and multiplicative group D 8 . Furthermore, G(X, r) is not right nilpotent. Hence it is impossible to decompose the left brace G(X, r) as in Corollary 2.12.
Example 2.14. The left brace B (8, 26) has the same additive and multiplicative groups as the brace G(X, r) of Example 2.13 but it has a factorization as in Corollary 2.12. This shows that B(8, 26) is right nilpotent.
As a counterpart to Theorem 2.5, an analog of Itô's theorem on metabelian groups [18] , it is natural to ask if we can extend this analogy. A natural candidate is the celebrated Kegel-Wielandt theorem [17, 20, 28] , which states that a finite group which is factorized by two nilpotent subgroups is solvable. In the following example we show that we cannot expect a naive analog of this theorem for skew left braces. Recall that a skew left brace is said to be simple if is contains no non-trivial proper ideals. Moreover, as 72 = 2 3 3 2 , Example 2.15 shows also that the p a q b -theorem of Burnside does not have an analog for skew left braces. This also follows directly from work of Cedó, Jespers, and Okniński [9] . As the construction of simple left braces has received a lot of attention [1, 3, 9] and because every left brace is a matched product of left ideals [1, 3] (if it is not of prime power order) we mention the following: Proof. By definition of the matched product, it is clear that both B and C are strong left ideals of A and that A = B + C. Hence Theorem 2.9 shows that A will contain a non-trivial ideal. Proof. Let s ∈ Soc(A). Then s = b + c, where b ∈ B and c ∈ C. We show that b ∈ Ker λ. For that purpose, let γ ∈ C. As C is a left ideal and trivial as skew left braces,
Hence b acts trivially on both B and C and therefore b ∈ Ker λ = Soc(A). This implies that c = s − b ∈ Soc(A).
In [27] , it is shown that exact factorizations of groups produce non-trivial solutions of the Yang-Baxter equation. Such factorizations produce skew left braces: let G be a finite additive group with an exact factorization through subgroups B and C, i.e., G = B + C. The operation (1) C is a left ideal of A. 
Characteristic ideals
We denote by Aut Br (A) the automorphism group of a skew left brace A. As for finite groups, characteristically simple finite skew left braces can be described as a factorization into copies of a simple skew left subbrace. Proof. Let I be a minimal ideal of A. Let I 1 = I. If I 1 , . . . , I j are defined, then define I j+1 = σ(I) for some σ ∈ Aut Br (A) such that σ(I) I 1 + · · · + I j . As A is finite and characteristically simple, it follows that this procedure stops and there exists a positive integer n such that A = I 1 + · · · + I n . As I j ∩ I k = 0 for j = k, it follows that A ∼ = I 1 × · · · × I n . Moreover, for any 1 k n, it clearly holds that I k ∼ = I. Thus A ∼ = I n . Let J be an ideal of I. As I is a direct factor of A, it follows that J is an ideal of A. Hence either J = I or J = 0. Thus I is a simple skew left brace.
Let S be a simple skew left brace and n be a positive integer. Let A = S n and I be a non-zero characteristic ideal of A. Then the projection on the k-th component π k : A → S is a surjective skew left brace homomorphism. Hence π k (I) is an ideal in S. Thus either π k (I) = S or π k (I) = 0. Suppose that π k (I) = S. Let a = (a 1 , . . . , a n ) ∈ I with a k = 0. Then there exists an s ∈ S such that λ s (a k ) = 0 or s + a k − s = 0 or s • a k • s = 0. Denote by c the element of A where every entry is 0 except the k-th which is s. Then λ c (a) = a or c + a − c = a or c • a • c = a. Denote one of the elements different from a by d. Then d − a = 0. Since d − a only has a non-trivial element in the k-th component, it follows that the ideal generated by this element is the full k-th component. This shows that I = C j1 + · · · + C jt , where C l denotes the full l-th component. As the symmetric group S n acts on A by permuting the indices and I is a characteristic ideal, it follows that I = A. Let A be a solvable and characteristically simple skew left brace. As S is a skew left subbrace of A, it follows that S is a solvable simple skew left brace. Hence S is a trivial skew left brace. On the other hand, the direct product of trivial skew left braces is trivial, so A is trivial (and thus certainly solvable).
